Introduction.
There exists considerable experimental evidence that heat transfer by conduction in many materials can be accurately described by the classical linear theory of heat conduction. This theory, for homogeneous and isotropic rigid bodies, is based on Fourier's law q = -kV0 (1.1)
in which the heat flux q is a linear function of the temperature gradient V0 and the thermal conductivity k is a positive constant. It is further assumed that the internal energy e depends linearly on the temperature difference 6 -60 : e = e0 + a{6 -60) (1. 2) where the heat capacity a. is also a positive constant. Then Eqs. This theory has, however, two principal shortcomings. First, it is unable to account for memory effects which may be prevalent in some materials, particularly at low temperatures. Secondly, the parabolic heat equation (1.3) predicts an unrealistic result: that a thermal disturbance at one point of the body is instantly felt everywhere in the body (though not equally). This implies that in Fourier heat conductors, finite thermal discontinuities must propagate with infinite speed. It is these observations which lead one to believe that for materials with memory, Fourier's law (1.1) may be a limiting approximation (perhaps for sufficiently steady temperature fields) to a more general nonlinear constitutive assumption relating the heat flux q to the material's thermal history. Gurtin and Pipkin [17] have proposed one such nonlinear memory theory of heat conduction which is independent of the present value of the temperature gradient. This theory generalizes constitutive relations deduced from kinetic theory by Maxwell [19] and Cattaneo [2] and has associated with it finite wave speeds.1 Moreover, when this theory is linearized, it yields the heat flux relation q(t) = -f a(s)V9(( -s) ds (1. 4) for isotropic materials. Special forms of this linearized theory have proved useful in describing the transmission of heat pulses observed in liquid helium II and some dielectrics at low temperatures (e.g., Brown, Ghung, and Matthews [1]). In this paper we consider a slightly different memory theory of heat conduction recently proposed by Coleman and Gurtin [7] (see also Gurtin [15] ) which does depend on the present value of the temperature gradient. After dispensing with some preliminaries, their results are summarized in Sec. 3. In Sec. 4 we study slow and fast processes and, in each situation, show that the rate of change of the internal energy is approximated by a Gibbs relation and that the corresponding heat flux satisfies a heat conduction inequality. We further show that these inequalities imply that the equilibrium conductivity tensor and the instantaneous conductivity tensor evaluated at the equilibrium history are positive semidefinite.
In Sec. 5 we deduce the linearized theory for isotropic media and show that the heat flux in this instance is given by
where /c(s) is the heat conduction relaxation function and k(0) > 0. Clearly, Eq. (1.5) reduces to Fourier's law (1.1) if k'(s) = 0; it corresponds to the linearized heat flux relation (1.4) derived by Gurtin and Pipkin [17] if k(0) = 0.
Sees. 6 and 7 consider further the linearized theory with k(0) > 0 and k(0) = 0, respectively. In each case, the appropriate linearized heat equation is cited; a uniqueness theorem is proved for the associated initial-boundary-value problem; and the progressive wave solution is studied. Moreover, for the linearized theory with k(0) = 0, we indicate the relationship between plane temperature-rate waves2 and the corresponding progressive wave solution.
2. Preliminaries. Let us consider a regular region (cf. Kellogg [18] ) of three-dimensional Euclidean space £ occupied by a body ® whose configuration remains unchanged for all time t £ (-°°, <») (i.e., a rigid body). Therefore, we do not distinguish between the material points of ffi and their spatial positions x in S.
Fixing our attention to a specific point x £ (B, we let 6' and g", defined by 6\s) = 0(t -s) = 9(x, t -s), g\s) = g(t -s) = V0(x, t -s), (2.1) 0 < s < =0, be the histories up to time t of the absolute temperature (6 > 0) and the temperature gradient at x. For conciseness we call the ordered pair3 (9', g') the thermal history A' at x. Now let us consider a fixed scalar influence function h(s)] i.e., a positive, monotonedecreasing, continuous function on (0, °°) decaying to zero ass->oo fast enough to be square-integrable over (0,
). Assuming such a function exists, the norm ||A'|| of a measurable function pair (6', g') can be defined by The set of all measurable function pairs A' -with 11 A, 11 finite is a subspace of 3C and is denoted by 3Cr . Throughout this paper, the body ffi is assumed to be a homogeneous heat conductor with memory characterized at each x £ (55 by three res-ponse junctionals 9?, and G. These functional yield the present values of the free energy the entropy and the heat flux qit) whenever the thermal history A' is specified at x (cf. Coleman and Gurtin [7, Eqs. (3. 3)]):
We take as the common domain of definition of 91, and G the subset £> in 3C for which 6' > 0. We further assume that ^3, 9?, and G are smooth functions over 2D with respect to the norm || A'|| in the sense that $ is twice continuously Frochet differentiate and 92 and G are each once continuously Fr£chet differentiable over 3D."
The smoothness assumption for the functional has several well-known consequences. First, it imphes the existence and continuity of the first-order differential operators DA = (De , Dj and 5A = (5e , 8S) given by (cf. Coleman 4 Thus we are assuming that the material obeys the principle of fading memory as formulated by Coleman and Noll [10] , [11] , [12] . See also Coleman and Mizel [9] , 5 We note that expressions analogous to (2.5) can also be written for the functionals 9t and O and the functional E soon to be defined. exist and are in 3C. Finally, it implies that the seeond-order differential operators Db 8e ^3 = 8e Dey3, 5^, etc., exist and are continuous. Before continuing further, it is appropriate to introduce one other useful parameter; that is, the internal energy e(t) defined by e=*+8r,,
= @(A<).
We then define an admissible process in ® (at x) to be an ordered array to hold for admissible processes, Coleman and Gurtin [7] have shown that the assertions of the next three theorems are true. i.e., the equilibrium heat capacity is greater than the instantaneous heat capacity evaluated at the equilibrium history Aq . Returning to (3.6)3 , we compute the derivative of f}" with respect to 8:
which, with (3.12), implies that^( 6)>Dsm( aI). (3.14)
Multiplying this result by 8, and then making use of (3.3) and (3.8), will complete the proof. Following a customary procedure in thermodynamics, we will assume that Z),g(A0f) > 0. We call A'(X) a retarded history in 3(A0) if 0 < X < 1 (cf. Coleman and Noll [10] ) and an accelerated history if X > 1 (cf. Gurtin and Herrera [16] ). A slow process corresponds to the limit X -* 0, a fast process to the limit X -♦ ». We note for future use that |a^(s) = x|a'©|£.x. , (4.4) 0 < s < cd , and we let e(X) , Va) > Q<x> > and o"cx> be the internal energy, the entropy, the heat flux, and the internal dissipation at time t corresponding to the thermal history A'X) . First, we consider slow processes and in this connection we make use of a lemma due to
Coleman and Noll [10] .
Lemma 1. Let T'( ) be any junction in 3(A0). Then, letting be the retarded history corresponding to T'( ) and r = r'(X)(0),
where T+ is the constant history with value r.
Theorem 4.1. Consider any A' £ 3(A0) with A'(0) = (6, g). Then
where A+ is the constant history with the value A = (6, g).
Proof. According to (3.2) x , the quantity 0(X)(r<X) is given bŷ <x)°*(X) = -5a'>P(A'(X) | AJX)r). this along with (4.3), (4.7), and (4.9) yields the result desired. Hence Theorem 4.1 implies that during sufficiently slow processes, which start from equilibrium, the rate of change of the internal energy can be approximated by a Gibbs relation and the corresponding heat flux satisfies a heat conduction inequality.
That an analogous result also holds for fast processes will become apparent once we have established (ii)13 Q(A>g < 0, where A* = A" on (0, oo) and A*(0) = A = (0, g). 13 If the heat flux functional O is independent of the present value of g (cf. Gurtin and Pipkin [17, Eq. (3.6)3]) and the material has a center of symmetry, then the limiting behavior for fast processes is adiabalic; i.e., limx," qa) = 0. In this instance, the inequality given is trivially satisfied for every nonzero g £ Proof. It is clear that the proof can proceed in the same manner as that for Theorem 4.1 once we have proved that lim 0(X)<T(X) = 0.
(4.14)
x-=> Let us examine the quantity dM<rm which was given in (4. for all X sufficiently large. Now, for every A' £ 3(A0), the derivative (d/df) A'(£) |£_x, is zero for every X > s0/s, 0 < s < s0 , and for every X > 1, s0 < s < . Hence, by the continuity and linearity of 5...$, (4.15) holds and so does (4.14). The proof can now be completed without difficulty.
The inequalities given in Theorems 4.1 and 4.2 are quite similar to the classical heat conduction inequality and it is this similarity which lead us to The first of (4.19), since it must hold for every nonzero u £ #, yields (see This completes the proof of the theorem. 5. Linearized theory for isotropic materials. Let 60 be a given constant temperature field. We restrict our consideration here to thermal histories A' £ 2D which are always close to the equilibrium history A" = (df0 , 0f) in the sense that where k(<») is the equilibrium conductivity. It follows directly from Theorem 4.3 that both k(<») and k(0) are nonnegative. While we would expect in most physical situations that the equilibrium conductivity k( oo ) would be nonzero, there is no such justification for assuming that the instantaneous conductivity k(0) also be nonzero. In fact, in view of the experimental evidence cited earlier with regard to the linearized theory derived by Gurtin and Pipkin [17] , there is reason to suspect that in some materials k(0) may become zero at very low reference temperatures d0 . Proceeding in an analogous fashion, we can obtain from (5.6)2 the linearized constitutive equation for the internal energy: e = e0 + a(0)$ + f a'(s)9(t -s) ds, (5 The function a(s) is called the energy-temperature relaxation function with a(0) being the instantaneous heat capacity and a(c°) the equilibrium heat capacity. Theorem 3.4 implies that a(oo) > a(0) (5.15) and following (3.15), we assume a(0) > 0.
To avoid repeated comments regarding the smoothness properties of the relaxation functions k(s) and a(s), we assume once and for all that they are each of class C4 on [0, oo) and that the first four of their derivatives are bounded and absolutely integrable on [0, oo). It follows from the Riesz theorem that the first derivatives /(s) and a'(s) have the properties
This property (5.16) implies that the functions k'(s) and a'(s) must approach zero at a faster rate than the influence function h(s) as s -> . Henceforth, we shall assume that functions k"(s), a"(s), k'"(s) and a'"(s) also have this property. 6. Linearized theory with nonvanishing «(0). In this case, Eqs. (5.11), (5.13), and (2.9) provide us with a complete set of field equations and they can be combined, noting that g = V9, to give the linearized heat equation:
(a) A uniqueness theorem. Here our concern is with obtaining sufficient conditions for the uniqueness of solutions to the initial-boundary-value problem associated with (6.1).
Due to the linearity of the field equations, it clearly suffices to show that null initial and boundary data "will yield a null solution. for every t0 £ (0, ro). Let us suppose that t0 has been arbitrarily fixed and that t < t0 . Then, using (6.6)-(6.8), and letting $ be the ordered pair (<j>, v), we can obtain the following inequality from (6. is unique. It also seems physically reasonable to assume k"(0) < 0 on the basis of some statistical arguments given by Maxwell [19] and Cattaneo [2] . Then, as co -» co,
, , x /V(0)Y/2 f( , 1 (<"{0) a'(0)V«(0)\ -1*,! --"2 Itw " W/VW)) 1/2 (7.7)
These results are quite different from those obtained for the linearized theory with k(0) > 0 in that now the wave speed and attenuation remain finite for arbitrarily large co. (c) Plane temperature-rate waves. As has already been indicated, there can exist, in the linearized theory with k(0) = 0, jump discontinuities in the "temperature-rate" field d which propagate with a finite speed. Using a singular surface analysis (cf. Truesdell and Toupin [21, Sec. C]) and assuming the wave to be plane, we find that the propagation of such waves, in terms of our present study, is governed by19 Theorem 7.2. Consider a plane temperature-rate wave propagating into an infinite heat conductor with *(0) = 0. Then, for t > 0, the speed U is a constant given by20 u = (k-^y/2 \a(0)/ and the amplitude a (a = [0])21 has the following dependence on t:22 19 Here the definition of an admissible process has been extended to include the functions g (-) which are piecewise continuous. 20 Gurtin and Pipkin [17] . 21 Clearly, in view of the sufficient conditions for unique solutions of initial-boundaryvalue problems and the assumption of k"(0) < 0, the wave speed is real and the amplitude of the wave decays monotonically to zero as t -» ».
Our primary interest here is in the relationship between plane temperature-rate waves and the plane progressive waves discussed earlier. Let us define the ultrasonic speed ua and the ultrasonic attenuation £" by u" = lim u(o>), £" = lim£(a>). (7.8) Then (7.7) implies that Setting this result alongside Theorem 7.2, we arrive at Theorem 7.3. Let U and a(t) be the speed and amplitude of a plane temperature-rate wave which since t = 0 has been propagating into an infinite heat conductor with k(0) = 0.
Then, for t > 0 U = ua and a(t) = o(0) exp (-w"£"f) where u" and £" are the ultrasonic speed and attenuation of damped plane progressive waves in the same body.
